Abstract -For arbitrary rotations expressed in hexagonal coordinates,the connection between an axis-angle quadruple and the rotation matrix is given. The relation between hexagonally equivalent quadruples is stated and a unique reduced quadruple is defined. Rotations generating coincidence site lattices (CSLs) correspond to quadruples of coprime integers if a2/c2 is rational. The multiplicity C of the CSL is not always equal to the least common denominator of the elements in the rotation matrix. The case a = c is considered in detail.
INTRODUCTION
The coincidence site lattice model of grain boundaries states that energetically favourable boundaries between two grains of the same phase are possible if a large portion 1/C of lattice vectors of one grain are simultaneously lattice vectors of the other grain. The 3-dimensional lattice formed by the common vectors of the two congruent lattices is called the coincidence site lattice (CSL), C is called its multiplicity, a rotation connecting two lattices with a common CSL is called a coincidence rotation. For hexagonal lattices, such rotations have been investigated by several groups of authors [l-71.
THE ROTATION MATRIX IN HEXAGONAL LATTICE COORDINATES
In a hexagonal coordinate system with l e l l = l e 2 1 = a, l e 3 1 =.c, &(el, e2) = 120°, an arbitrary rotation with angle 0 and axis [pl, p2, p31 is glven by the matrix
where r = a2 / c2 Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1985425
EQUIVALENT ROTATIONS, CHOICE OF A UNIQUE REDUCED ROTATION I N EACH EQUIVALENCE CLASS
The r e l a t i v e o r i e n t a t i o n between two n e i g h b o u r i n g g r a i n s o f t h e same phase w i t h p o i n t g r o u p 622 o r 6/mmm c a n b e d e s c r i b e d i n d i f f e r e n t ways: c a r r y o u t one o f t h e 1 2 symmetry r o t a t i o n s o f one g r a i n , t h e n a r o t a t i o n t h a t o r i e n t s it p a r a l l e l t o t h e o t h e r g r a i n , t h e n a symmetry r o t a t i o n i n i t s new o r i e n t a t i o n . Because a l s o t h e r o l e s o f t h e t w o g r a i n s can b e i n t e r c h a n g e d , up t o 2 . 1 2 2 = 288 d i f f e r e n t r o t a t i o n s a r e o b t a i n e d . They were c a l l e d ( h e x a g o n a l l y ) e q u i v a l e n t by Grimmer [91, who showed t h a t t h e number n o f d i f f e r e n t r o t a t i o n s i n any e q u i v a l e n c e c l a s s h a s t h e form n = 1 2 w , where w is a n i n t e g e r d i v i d i n g 24. An example w i t h w = l is t h e c l a s s c o n s i s t i n g o f t h e 1 2 hexagonal symmetry r o t a t i o n s . There a r e 2n d i f f e r e n t e q u i v a l e n t q u a d r u p l e s because o f 2 i n ( 3 ) .
TABLE 1: 1 2 e q u i v a l e n t q u a d r u p l e s r e p r e s e n t i n g t h e d i f f e r e n t r o t a t i o n a n g l e s t h a t o c c u r i n a n e q u i v a l e n c e c l a s s . They a r e o b t a i n e d by l e t t i n g o p e r a t o r s I , J , K , L a c t on t h e q u a d r u p l e q = (A, B, C, D ) .
T a b l e 1 g i v e s 1 2 q u a d r u p l e s r e p r e s e n t i n g t h e d i f f e r e n t r o t a t i o n a n g l e s t h a t o c c u r i n an e q u i v a l e n c e c l a s s . The 576 e q u i v a l e n t q u a d r u p l e s a r e o b t a i n e d from t h o s e i n t h e i n t e r c h a n g i n g t h e 2nd and 3 r d component d) r e p l a c i n g t h e 2nd and 3 r d component B, C by B -C , B. Applying t h i s r e p e a t e d l y o n e o b t a i n s B,
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Quadruples connected by t h e s e o p e r a t i o n s c o r r e s p o n d t o r o t a t i o n s w i t h
t h e same a n g l e and w i t h a x e s r e l a t e d by hexagonal symmetry o p e r a t i o n s : a ) i n v e r s i o n , b/c) r e f l e ct i o n s i n p l a n e s p e r p e n d i c u l a r / p a r a l l e l t o t h e 6-fold a x i s , d ) 60° r o t a t i o n .
A unique reduced q u a d r u p l e i n e a c h e q u i v a l e n c e c l a s s i s d e t e r m i n e d by t h e c o n d i t i o n s (6) c h o o s e s among e q u i v a l e n t r o t a t i o n s one w i t h a x i s i n a s t a n d a r d s t e r e o g r a p h i c t r i a n g l e , ( 7 ) o n e w i t h minimum r o t a t i o n a n g l e . I f t h e r e a r e s e v e r a l s u c h r o t a t i o n s (8 a-c) w i l l make a unique c h o i c e .
COINCIDENCE ROTATIONS
A r o t a t i o n g e n e r a t e s a CSL i f and o n l y i f i t s m a t r i x R e x p r e s s e d i n l a t t i c e c o o r d in a t e s is r a t i o n a l , i . e . h a s o n l y r a t i o n a l m a t r i x e l e m e n t s [ l o ] . From (1) and ( 6 ) f o l l o w s a ) i f r is i r r a t i o n a l t h a t R c a n b e r a t i o n a l o n l y i f e i t h e r A = D = O o r B = C = 0 and b) f o r any v a l u e o f r t h a t I f t h e R i a r e r a t i o n a l and A # 0 , t h e l e f t hand s i d e s o f (9) w i l l b e r a t i o n a l bec a u s e e i t i e r r is r a t i o n a l o r B = C = 0. Then t h e r e e x i s t s a r a t i o n a l number k and f o u r coprime i n t e g e r s m, U , V, W such t h a t n2 = km, AB = kU, AC = kV, AD = kW.
"Coprime" means t h a t t h e g r e a t e s t common d i v i s o r o f t h e i n t e g e r s e q u a l s 1, i . e .
gcd (m, U , V, W ) = 1 .
Using ( 5 ) 
and d e f i n i n g S by one o b t a i n s k = m/S and I t is e a s y t o show t h a t (10) and (12) remain t r u e i f A = 0 .
I f r is r a t i o n a l , t h e r e e x i s t p o s i t i v e i n t e g e r s p, v s a t i s f y i n g and P u t t i n g 2
and u s i n g (12) o n e can w r i t e (1) a s (15) and (16) 
show t h a t t h e n e c e s s a r y c o n d i t i o n (10) is a l s o s u f f i c i e n t ( f o r r at i o n a l r ) t o g u a r a n t e e t h a t R is r a t i o n a l and t h e r e f o r e a c o i n c i d e n c e r o t a t i o n . Its a x i s i s [ u , V, W ] and i t s a n g l e is g i v e n by c o s
I f , i n a d d i t i o n , m=W=O o r U = V = 0 , R becomes i n d e p e n d e n t o f r . These r o t a t i o n s a r e c o i n c i d e n c e rot a t i o n s f o r e v e r y ( r a t i o n a l o r i r r a t i o n a l ) v a l u e o f r . I f m= W = 0 , t h e y a r e 180° r o t a t i o n s a b o u t l a t t i c e v e c t o r s p e r p e n d i c u l a r t o t h e 6-fold a x i s , i f U = V = O , t h e y a r e r o t a t i o n s by c e r t a i n a n g l e s a b o u t t h e 6 -f o l d a x i s . N o t i c e t h a t t h e n o r m a l i z a t i o n c o n d i t i o n ( 5 ) h a s been r e p l a c e d by (10) Denote by C ' and C " t h e l e a s t common denominator o f t h e m a t r i x e l e m e n t s o f R and R , r e s p e c t i v e l y . I t was shown i n [ l o , 111 t h a t C i s t h e l e a s t common m u l t i p l e of C ' and Z " , c = lcm (11, c " ) .
(17) C = C * = C" f o r c u b i c l a t t i c e s . C o n t r a r y t o a w i d e l y h e l d view [l, 5 , 6 1 , t h i s r emains n o t always t r u e f o r hexagonal l a t t i c e s .
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JOURNAL DE PHYSIQUE
As an example where I: # C' consider for c/a = 7 the rotation R given by +(-3,42, 14, 1) and R-1 given by 2 (3 , 42, 14, 1) . The corresponding matrices are R generates a CSL with basis
Its multiplicity is C = 98 = lcm (C', C") # C' = 14.
An example where all 3 numbers C', C" and C are different is given by (77, 286, 130, 7) with c/a = 13/7. C = 7 C' = 13 C" in this case.
EQUIVALENCE CLASSES OF COINCIDENCE ROTATIONS: GENERAL RESULTS
The equations ( 6 -8) become somewhat simpler for coincidence rotations:
For any given value of r , at least one of the two eqs. (20) can be dropped, too. It is now easy to determine complete lists of all equivalence classes with given values for p and for the maximum multiplicity of interest C , . This will be illustrated by considering the case c = a.
EQUIVALENCE CLASSES OF COINCIDENCE ROTATIONS: THE CASE c = a
In this case, which was discussed first in [41, FI = v = 1 and G = C' = C". To find all equivalence classes with X < Em determine the quadruples of coprime integers m, U, V, W satisfying (18-20a) for r = l as well as one of the following four additional conditions, which help to list the classes quickly (alb means a divides b) :
The multiplicity C is given by C = F/12 if 12 1 F, 2 )~, 2 )~. Otherwise Z = F/4 if 4 )~, 2)u, 2 1~; C = F/3 if 3 1~. C = F in the remaining cases.
The result for Em = 12 is given in Table 2 , where n = 1 2 w is the total number of rotations in the equivalence class and N(X) = 12W(X) the total number of rotations generating a CSL with multiplicity C. Properties of the class
The number n = 12w of rotations in a class and the number n l~o of 180° rotations are given in Table 3 The classes with w = 1 or 2 are those common to all values of r. 
